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As a part of the experimenta.,1 program of the Edwards 

Strr^t. Laboratory, it was necessary to locate equipment in 

the waters of a. harbor with precis ion, and both to follow 

the course of bo<a.ts in relation tc this equipment and to 

maneuver boats over pre-chosen courses,  Precise methods 

of o^viga'cion were accordingly of interest.  7'his theoretical 

report "was prepared as a guicl^ tc the degree of precision 

of location and of navigation which might be attained with 

three d:.f ferent methods of measurement., 
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ABSTRACT 

An important question for any navigational systes is 

the following. ?or a pre-assigned uncertainty in posi- 

tion what is the maximum error which can be tolerated 

in measuring the coordinates of position? Three types 

of navigational systems are considered in this reports 

a) Position determined by measuring at two fibred stations, 

a known distance apart, the angles subtended by the vessel 

and the baseline connecting the stations9  b) Position de- 

termined by measuring at a single station the range and 

angle subtended by the vessel relative to a fixed direc- 

tion, c) Position determined by measuring the ranges from 

two fixed stations a known distance apart. For each case 

curves have been competed which relate the uncertainty in 

position to the maximum permissible error of the position 

parameters. This information also has been presented in 

the fena of maximum error contours which can be scaled 

and superimposed on a chart for direct reading. 

This report &&v,  edited and the abstract prepared by 

A. VoorhiSc 



?ba subjs^. , or this report aris-.;- naturally 

out of the problem of determining she position - ?l 

a ship >r other object near the shore by th<2 use 

of fixed reference stations on shore.     Or tne 

various combinations of position parameters(measured 

quantities,such as angle, distance,«tc.).we have 

restricted oar attention to the following: 

1. Consider two fixed shore stations. Parameters. 

the two angles included between the line of sight 

from each station to tre ship and a suitable fixed 

direction (usually the base line}« Figure T«ri|i . 

2, One shore station,. Parameters: the distance 

from the station to the ship arid the angle included 

between the line Of sight and a suitable fixed 

direction, figure J    ., 

},      Two. shore stations. Parameters: the two distances 

from each station to the ship. Figure  II . 

In each of these three case/we shall define the 

error of position and show how this error varies as 

a function of position and of assumed errors in the 

position parameters. However,the principal purpose of 

this report is to treat the inverse problem? given a 
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preassigned maximum allowable error of position, with 

what H0CMV3.C:/  need onQxaa^iire    th~  position parameters 

in order to obtain a fix which remains within the given 

allowable error of position? We purposely neglect i;he 

possibility that on* o? several ef the position para-: 

meters may be measured with extreme accuracy: our main 

interest lies incetarmining — as a function of position — 

the maximum error- that one is allowed to make in measuring 

all of the position parameters. An implicit assumption 

here is that the 'measuring instruments have an error 

distribution eurvs which is finite in extent, that js, 

the probabllty of an instrument error greater than tome 

fixed constant is sere, 

We realise that our approach to the problem may be 

''wasteful" in a sense; but it is hoped that the results 

will justify our point of view. 

Case 1. Consider the following figure. 

A 

l» 

6   
/ i   x 

f / >     \ 

A,     '               >X 
/    P,       l                 A 

\s 

(f) <p   :measured angles 

A.B :fixed reference stations 

C ;object whose position 
is to be determined 

distance between stations 

X 
Figure 1 

•».. r—»>• 
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3y using the  law of sines and by noticing that angle 

AC6   ~   7T-  (4t +4>z) 

and that &i* (ir-d~ 4?) ~  3*n (4>, + & J  ,we obtain 

Then the x and y coordinates of g     are easily seen to be 

Thus X--f (C, 4>, ,4^}   &*d   V- $(
C

J$K&3.),   The errors 

in the x and*? coordinates of £  in terras of the 

errors In  C    j.    (fa       snd <pz    are 

&£ 3d), J(£., 

cfa x   ~3- etc +  & M, *• $2   cH, 

W 

V   0 

\        • • • -(•"•' ***• «—V-> 



|SL=- ritr   m.     -^vic-   .. .„JH__ 

>lj-~ 

Here,  we may assume  that the dlatance/jcari be 

measured as accurately as we please;    therefore 

we may set £&£   c    O in equation  (3) 

A/044^ 

~    .—„ -~— j-   ^ $5, 6C* <#,  <^4   7s- £**» <$    Ctrl $,    c/Sa. I 

6n d 

£-H*   (6v/r- W* J 

**»&+&) 
[&*x<j>L J6t + #^4 J4>. 

*j 

We shall term the error of position of  C as   &$ — 'faf'xz^-£^f2'. 

Geometrically,   the error of position, aSj is 

exactly what we might expect:   it is the  length 

of the line CC   in figure 2. 
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Figure 2 

By straightforward calculation together with simple 

trigonometric identities,  we have 

(4) 

« U*,*^ <y^V i***4 ^4"~ £ SP»&,&*4% <^/4*-4^^& l 

Equation (*) , then, gives 'che eri^or- of position as a 

function of C,   <P,   .    && ,    cf$f     
and <*%. '*  h<^ever, 

the expression on the right :1s rathar complicated and 

difficult to interpret as it stands. We shall make the 

following simplification which, in our opinion, is not 

unrealistic. Letting  &$ = £ &$... 

equation (4)  becomes 

tumu •HIW.IP'W"  J*      -»uL_j.iiLi»r -T        ii. i.   mi.... •mi i.. J •• --irrwinn-      **''  " \  l   ' J " U "' (fj 
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that is allowed in measuring <j^L and ^ >-"or- a given 

separat3.cn of the reference stations and for s, given 

maximum allowable error of position. Equation (5")   is 

practically useless for this p urpose, since the denominator 

of the right-hand jaember in not single-valued.  la order to 

rectify this situation-, vs replace the (±) ^ {-i-J  and 

take the absolute tf&lu® of CsS {$,**%) thus making the denomi- 

nator single-valued and giving £.^£jSi     its smaller value. 

This change insures that d®t    is always within the allow- 
i / t \ able error range in the measurement of 0f   fa?   <pz i   The 

final expression which we seek Is then 

&»Z®7 

f 
(A) 

Equation {&>} Is still somewhat complicated and so several 

graphs have hoen  prepared to show more clearly the variation 

of ~~j—.  with the position of the object. Also, a con- 
G*S 

tour chart is Included showing those regions of the harbor 

(relative to the reference stations) xvhere  —,.—  assumes 
& S 

certain constant values. Each graph is fully explained on 

the page preceding It. 

i 

£.*> 
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Figures   JJ    ar>d   it 

C cfS, 
Here we see the variation of       , as a function 

(* S 

of one of the measured angles with the other angle as 

a parameter. Note that either angle may he used as 

parameter since equation  (6>)        is symmetric in y> &»cj (fi^. 

Figure 4  on the following page is a magnification 

of Figure o        for the range   Q    <  •  £   o. 4- 
—  ct s 
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Figures 5 &nd 6 

Figure 5"* shows the relation between the measured 

angles 0.    and $, for various of —•-.— . Figure &•• 

shows the partitioning of the area under consideration 

xtix,o    equai-error regions, that is, those regions in which 

the maximum allowable error of measurement, CJ \pt   [z.  o'wj, ; i 

is the same for given C  «W &'$  . Note that the curve 

labled /• o  is a portion of a circ'e passing through the 

reference stations. On this curve, the lines or sight 

intersect at right angle3 and maximum allowable error in 

(j)    [a^J 0Z\   la  the largest. 



*^       — 

I 



. == 



Case ?..    If the position of an object is determined 

relative vo ons fi.^od shore station with angle ant. 

distance; as position parameters, the analysis of position 

error le particularly eas-j- since the reference station asay 

be considered as the pole of a polar- coordinate system. 

As 
/ \ 
/    l d j.f&easursd angle 

x*:measured distance A//    > 

ft 

0 

s~~' 

/} 
Dereference station 

£,: ship 

OA •fixed direction 

Figure 7 • 

The error- of position of S la given by 

where dr and d$ are assumed errors in the position para- 

meters r s.nd $ , Geometrically, ds is tha length of the 

line SS; in figure 7. We cannot, as in case l„ simplify the 

above equation i-y letting dr~ ±  d<p 9 3a:>% sinoe r and ^ 

measure quantities of different mature.  Instead, Me ccnaldej 

one of the variables dr? r and ci^ as a parameter and graph 

this relation^ letting the remaining two quantities act as 

independent and dependent variable. ISiesa graphs comprise 

figure H«:.o„ 

L_ ^r 
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We do not give an equal-error diagram for this 

case; we shall simply describe it. First, let 

us put equation (7) In the form 

/ 

(J£ \     V &S (8) 

We shall assume that df  does not vary appreciably 

with distance f      but, to fix the ideas, let 

<?r/'= K   {  •=  the largest df within the range 

of the measuring instrument). Further,note that 

<j>      does not occur in C8). Thus, by letting 

d&     assume certain fixed values, we obtain con- 

centric circles {  with center at the reference 

station) as the equal-error contours, A different 

value of K   will simply dilate or contract the 

entire diagram.  It should be remarked here that 

since ds   is a preassigned constant, we often 

write •Jf-     and -r-  instead of^>-y c*Sj,respectively, 

This simply amounts to a change in scale. 
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Case j5.Here we consider two fixed reference stations 

on shore with two measured distances as position 

parameters, 

•S 

A, B: reference stations 

°-/ x\ a, b: measured distances 

A fh /» •   fl/!i r\r\ v»*"» *- 4 *» «» 

/       j \^ stations 
^ - a 

Figure 11 

Now introduce a system of polar coordinates with 

I center at A.  In this system, the point S may be des- 

cribed by the couple (l*j  (p )       where   l'z: &*    ; 

consquently, we may define the error of position as 

, d$%~ dr f- t^z&$.  As in the previous two cases we snail 

find art expression for ds   in terms of a, b, da, 

db and e, where da. and dp are the errors In a and b 

respectively. To this end, consider the folloxfing 

analysis. 

r *z CL Jr^  e/a. 

VI' 

Ctrt 4* 
j»c 
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r *-    * 

- d&Z-i- -- .   / 

Letting ££& ~- £^~ and rearranging terms, we obtain 

(V 

-1 7. ,  /<a1s«-c
s-£2.W.  r—=- / 

<5*i"S„ As in case 1, we should like the term  £ii  to give 

tiie maximum error that is allowed in measuring <&. &md  &z 

for a given maximum allowable error of position. 

Thus, in order to make  £££:'  as assail as possible. 

we choose in equation p?)     the /V-J when  tzz+ £z   >   C7" 

and the (—) when  CLx-i- C-x< C3"* 
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If we choose the (+)       and let  /Is — a*ie/.A4  £   ~Q 

tnsn straightforward calculations show that 

tu/e*   J V^»* 2: / 

If, on the other hand we take the f— >  , then 

Equations (10) and (11) then give a relation between 

&£r and the po3iton of the object for the ad- 

missible ranges of A  • **><£yjm       The figures 

which folloxv give this relation in graphical form. 
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Figures 12 _^_. IS 

/-4 ^1. 
Figure 12 shows the variation of ( —r* J        as a 

^* S 
function of one of the measured distance with the 

other distance as parameter, for the case 

^+^   <  ( 

Figure 13 is similar to  riguz-e 12  for tne case 

Figures lh  and 15 show a partitioning of the ares 

under consideration by equal error contours in exactly 

the same way as u>a%  done  in figure 6, 
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